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ON THE GROWTH OF TOPOLOGICAL COMPLEXITY
DAISUKE KISHIMOTO AND ATSUSHI YAMAGUCHI
Abstract. Let TCr(X) denote the r-th topological complexity of a space X. In many
cases, the generating function
∑
r≥1TCr+1(X)x
r is a rational function P (x)
(1−x)2
where P (x)
is a polynomial with P (1) = cat(X), that is, the asymptotic growth of TCr(X) with
respect to r is cat(X). In this paper, we investigate the growth of TCr(X) and its lower
bound MTCr(X).
1. Introduction
For a space X, let Xr denote the r-th Cartesian procuct of X, and let ∆r : X → X
r
denote the diagonal map ∆r(x) = (x, x, . . . , x) for x ∈ X. The r-th topological complexity
TCr(X) of a space X is defined to be the least integer n such that there is an open cover
Xr = U0∪U1∪· · ·∪Ur having the property that each Ui has a homotopy section si : Ui → X
of ∆r, that is, ∆r◦si is homotopic to the inclusion Ui → X
r. Then TC2(X) is the topological
complexity of Farber [2], and TCr(X) for r > 2 is the higher topological complexity of
Rudyak [9]. It is known that TCr(X) is a homotopy invariant of X.
For a space X, we can define a formal power series
FX(x) =
∞∑
r=1
TCr+1(X)x
r.
In [6], Farber and Oprea asked the following question. Let cat(X) denote the LS-category
of a space X.
Question 1.1. For which finite CW-complex X, FX(x) is a rational function
P (x)
(1− x)2
such that P (x) is a polynomial with P (1) = cat(X)?
As is observed in [5], Question 1.1 is asking whether or not
TCr+1(X) = TCr(X) + cat(X)
for all r large enough. Farber, Kishimoto and Stanley [5] proved that if TCr(X) = zclr(X;k)
and cat(X) = cup(X;k) for some field k and all r large enough, then FX(x) satisfies the
Key words and phrases. topological complexity, module topological complexity, LS-category.
1
2 DAISUKE KISHIMOTO AND ATSUSHI YAMAGUCHI
condition in Question 1.1, where zclr(X;k) and cup(X;k) denote the r-th zero-divisors
cup-length and the cup-length of X over k, respectively. They also showed that FX(x) does
not always satisfy the condition in Question 1.1.
The aim of this short note is to investigate the growth of TCr(X) and related invariants.
We will first prove:
Proposition 1.2. Let X be a paracompact space. Then for r ≥ 2,
TCr+1(X) ≤ TCr(X) + cat(X).
Then by the above observation, Question 1.1 is asking whether or not the growth of TCr(X)
is maximal for all r large enough.
In [8], Jessup, Murillo and Parent defined the module topological complexity, which is a
lower bound for the topological complexity of rational spaces. We will define its higher
analog, r-th module topological complexity MTCr(X) for a rational space X, and prove:
Theorem 1.3. Let X be a simply-connected rational space of finite rational type. Then for
r ≥ 2,
MTCr(X) + cup(X;Q) ≤ MTCr+1(X).
One has the following immediate corollary, which refines the result of Farber, Kishimoto and
Stanley [5] mentioned above because MTCr(X) ≥ zclr(X;Q) as in Proposition 3.3 below.
Corollary 1.4. Let X be a simply-connected rational space of finite rational type. If
cat(X) = cup(X;Q) and MTCr(X) = TCr(X) for all r large enough, then FX(x) =
P (x)
(1−x)2
where P (x) is a polynomial with P (1) = cat(X).
If MTCr(X) = TCr(X), then Theorem 1.3 gives an estimate of the growth of TCr(X), and
in view of the celebrated result of Hess [7], one can expect this equality. Here we give a
class of rational spaces, for which one has MTCr(X) = TCr(X).
Theorem 1.5. Let X be a simply-connected rational space of finite rational type such that
pii(X) = 0 for i even. Then
MTCr(X) = TCr(X) = (r − 1)cat(X).
Using this theorem, we will give a rational space X such that the criterion of Farber,
Kishimoto and Stanley [5] mentioned above does not apply to X, but FX(x) satisfies the
condition of Question 1.1.
Acknowledgement: The first author is partly supported by JSPS KAKENHI 17K05248.
ON THE GROWTH OF TOPOLOGICAL COMPLEXITY 3
2. Upper bound
Recall that a sectional category of a map f : X → Y , secat(f), is defined to be the least
integer n such that there is an open cover Y = U0 ∪ U1 ∪ · · · ∪ Un, each of Ui has a local
section of f , that is, a map si : Ui → X having the property that f ◦ si is homotopic to
the inclusion Ui → Y . Then, in particular, TCr(X) = secat(∆r) for the diagonal map
∆r : X → X
r.
Recall that a sequence of subspaces
V0 ⊂ V1 ⊂ · · · ⊂ Vn = X
is called a categorical sequence if for each i, there is an open set Ui such that Vi−Vi−1 ⊂ Ui
and Ui is contractible in X, where V−1 = ∅. It is well known that cat(X) ≤ n if and only if
there is a categorical sequence for X of length n. We consider a sectional category analog
of categorical sequences for LS-category. A sequence of subsets
V0 ⊂ V1 ⊂ · · · ⊂ Vn = Y
is an f -sectional sequence if for each i, Vi − Vi−1 is contained in an open set of Y having a
local section of f , where V−1 = ∅.
Lemma 2.1. For a map f : X → Y , there is an f -sectional sequence of length n if and
only if secat(f) ≤ n.
Proof. Suppose that there is an f -sectional sequence V0 ⊂ V1 ⊂ · · · ⊂ Vn = Y . Then for
each i, there is an open set Ui such that Vi − Vi−1 ⊂ Ui and there is a local section of f on
Ui. Thus there is an open cover Y = U0 ∪ · · · ∪ Un having the property that each Ui has a
local section of f , that is, secat(f) ≤ n.
Conversely, suppose secat(f) ≤ n, that is, there is an open cover Y = U0 ∪ · · · ∪ Un such
that each Ui has a local section of f . Let Vk = U0 ∪ · · · ∪ Uk for 0 ≤ k ≤ n. Then one gets
a sequence
V0 ⊂ V1 ⊂ · · · ⊂ Vn = Y
such that Vi − Vi−1 ⊂ Ui. Since Ui is an open set having a local section of f for each i, the
sequence above is f -sectional. 
Now we are ready to prove Proposition 1.2.
Proof of Proposition 1.2. Let Xr = U0 ∪ · · · ∪Um be an open cover such that each Ui has a
local section for the diagonal map ∆r : X → X
r, and let X = V0∪ · · ·∪Vn be an open cover
such that each Vi is contractible in X. Then each Ui×Vj ⊂ X
r+1 has a local section of ∆r+1.
Since X is paracompact, there are U ′′i ⊂ U
′
i ⊂ Ui and V
′′
i ⊂ V
′
i ⊂ Vi such that U
′′
i ⊂ U
′
i ,
U ′i ⊂ Ui, X
r = U ′′0 ∪· · ·∪U
′′
m and V
′′
i ⊂ V
′
i , V
′
i ⊂ Vi, X = V
′′
0 ∪· · ·∪V
′′
n . LetWk =
⋃
i U
′′
i ×V
′′
k−i
for 0 ≤ k ≤ m+n. Then Wk−Wk−1 is the disjoint union of (U
′′
i −U
′′
i−1)× (V
′′
k−i−V
′′
k−i−1).
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Moreover, the closure of (U ′′i −U
′′
i−1)× (V
′′
k−i−V
′′
k−i−1) are disjoint. Then since X is normal
and each closure of (U ′′i −U
′′
i−1)×(V
′′
k−i−V
′′
k−i−1) is contained in Ui×Vk−i, there are disjoint
open sets Ai, each of which contains (U
′′
i − U
′′
i−1)× (V
′′
k−i − V
′′
k−i−1) and has a local section
of ∆r+1. Thus W0 ⊂ W1 ⊂ · · · ⊂ Wm+n = X
r+1 is an f -sectional sequence, and therefore,
by Lemma 2.1, the proof is complete. 
3. Lower bound
Throughout this section, let X be a simply connected rational space of finite rational type.
Let (ΛV, d) be any Sullivan model of X, and let Kr denote the kernel of the multiplication
(ΛV )⊗r → ΛV, v1 ⊗ · · · ⊗ vr 7→ v1 · · · vr.
Then as in [1], TCr(X) equals the least integer n such that the projection
pr,n : (ΛV )
⊗r → (ΛV )⊗r/Kn+1r
has a differential graded algebra homotopy retraction. Here a homotopy retraction of pr,n
means a retraction of a Sullivan model (ΛV )⊗r → (ΛV )⊗r ⊗ ΛW for the projection pr,n.
For v ∈ V and 1 ≤ i ≤ r, let v(i) = 1⊗ · · · ⊗ 1⊗ v⊗ 1⊗ · · · ⊗ 1 ∈ (ΛV )⊗r where v is in the
i-th position. Analogously to [8, Lemma 2.3], one has:
Lemma 3.1. For r ≥ 2,
Kr = (v(i) − v(i+ 1) | v ∈ V, 1 ≤ i ≤ r − 1).
In [8], the module topological complexity MTC(X) is defined, and here we define its higher
analog.
Definition 3.2. The r-th module topological complexity MTCr(X) is defined to be the least
integer n such that the projection pr,n has a differential graded (ΛV )
⊗r-module homotopy
retraction.
For a space Y and a field k, let zclr(Y ;k) be the greatest n such that there are elements
x1, . . . , xn in the kernel of the product H
∗(Y ;k)⊗n → H∗(Y ;k) such that x1 · · · xn 6= 0.
Then one has:
Proposition 3.3. For r ≥ 2,
zclr(X;Q) ≤ MTCr(X) ≤ TCr(X).
Proof. Suppose MTCr(X) = n. Then the projection pr,n is injective in cohomology, and
so there are no x0, . . . , xn ∈ Kr such that the product x0 · · · xn is a cocycle representing
a non-trivial cohomology class of X. Thus zclr(X;Q) ≤ n = MTCr(X). The inequality
MTCr(X) ≤ TCr(X) follows at once from the definition. 
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Now we prove Theorems 1.3 and 1.5.
Proof of Theorem 1.3. Let (ΛV, d) be a Sullivan model for X, and suppose cup(X;Q) = n.
Then there are cocycles a1, . . . , an ∈ ΛV such that the product a1 · · · an represents a non-
trivial cohomology class. For each i, let
a¯i = 1⊗ · · · ⊗ 1︸ ︷︷ ︸
r−1
⊗ai ⊗ 1− 1⊗ · · · ⊗ 1︸ ︷︷ ︸
r
⊗ai ∈ (ΛV )
⊗r
and let a = a¯1 · · · a¯n. Define a map
f : (ΛV )⊗r → (ΛV )⊗(r+1), x 7→ (x⊗ 1)a.
Since a is a cocycle, f is a differential graded (ΛV )⊗r-module map. LetW denote a subspace
of ΛV ⊗ ΛV spanned by elements of the form x ⊗ 1 − 1 ⊗ x for x ∈ ΛV and 1 ⊗ 1. Then
there is a decomposition as a differential graded ΛV ⊗ 1-module
ΛV ⊗ ΛV = (ΛV ⊗ 1) ·W ⊕ (ΛV ⊗ 1) ·W ′
for some subspace W ′ ⊂ ΛV ⊗ΛV . Hence there is a decomposition as a differential graded
(ΛV )⊗r ⊗ 1-module
(ΛV )⊗(r+1) = ((ΛV )⊗r ⊗ 1) · 〈a〉 ⊕ ((ΛV )⊗r ⊗ 1) · U
for some subspace U ⊂ (ΛV )⊗(r+1), and so one gets a differential graded (ΛV )⊗r-module
retraction of f
q : (ΛV )⊗(r+1) → (ΛV )⊗r, q(a) = 1, q(U) = 0.
It is proved in [5] that zclr+1(X;k) = zclr(X;k)+cup(X;k) for any field k. Then by Lemma
3.3, MTCr+1(X) = m + n for some non-negative integer m, and so there is a differential
graded (ΛV )⊗(r+1)-module homotopy retraction q′ of the projection pr+1,m+n : (ΛV )
⊗(r+1) →
(ΛV )⊗(r+1)/Km+n+1r+1 . On the other hand, since a belongs to K
n
r+1, there is a commutative
diagram of differential graded (ΛV )⊗r-modules
(ΛV )⊗r
f
//
pr,m

(ΛV )⊗(r+1)
pr+1,m+n

(ΛV )⊗r/Km+1r
f¯
// (ΛV )⊗(r+1)/Km+n+1r+1 .
Then q ◦q′ ◦ f¯ is a differential graded (ΛV )⊗r-module homotopy retraction of the projection
pr,m. Thus MTCr(X) + cup(X;Q) ≤ m+ n = MTCr+1(X). 
Proof of Theorem 1.5. Let (ΛV, d) be the minimal model of X. By Lemma 3.1,
Kn+1r = (v(i) − v(i+ 1) | v ∈ V, 1 ≤ i ≤ r − 1)
n+1
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where v(i) is as in Lemma 3.1. By assumption, V has no even degree element, and so
Kn+1r = 0 for n = (r − 1) dim V . On the other hand, it follows from [3, Example 6, p. 389]
that cat(X) = dimV . Then one gets
TCr(X) ≤ (r − 1)cat(X).
There is a homotopy pullback
∗ //

X
∆r

Xr−1
j
// Xr
where j(x1, . . . , xr−1) = (x1, . . . , xr−1, ∗) for (X1, . . . , xr−1) ∈ X
r−1. Then by [4, Proposi-
tion 5.5], MTCr(X) ≥ (r − 1)cat(X). Thus the proof is complete by Proposition 3.3. 
Theorem 1.5 has an immediate corollary.
Corollary 3.4. If pii(X) = 0 for i even, then FX(x) satisfies the condition in Question 1.1.
We give a rational space X such that the criterion of Farber, Kishimoto and Stanley [5]
mentioned in Section 1 does not apply to X, but FX(x) satisfies the condition of Question
1.1.
Example 3.5. Suppose that the minimal model of X is given by
Λ(x, y, z), |x| = |y| = 3, |z| = 5, dx = dy = 0, dz = xy.
Then by Corollary 3.4, FX(x) satisfies the condition of Question 1.1. Since H˜
∗(X) =
〈x, y, xz, yz, xyz〉, one has H˜∗(X)2r−1 = 0, implying zclr(X;Q) ≤ 2(r − 1). On the other
hand, the Toomer invariant of X is 3, which coincides with cat(X) because X is elliptic.
Then by Theorem 1.5,
MTCr(X) = (r − 1)cat(X) = 3(r − 1).
In particular, zclr(X;Q) < MTCr(X) for all r ≥ 2.
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